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We introduce here the concept of optical force rectifier based on parity-time symmetric metasurfaces. Directly
linked to the properties of non-Hermitian systems engineered by balanced loss and gain constituents, we show that
light can exert asymmetric pulling or pushing forces on metasurfaces depending on the direction of the impinging
light. This generates a complete force rectification in the vicinity of the exceptional point. Our findings have
the potential to spark the design of applications in optical manipulation where the forces, strictly speaking, act
unidirectionally.
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I. INTRODUCTION
Light carries energy and momentum [1,2] and its interaction
with matter will exert an optical force in the direction of the
light flow. The optical pushing force was first introduced by
Johannes Kepler in 1619 and is known as radiation pressure.
The magnitude of the radiation pressure is directly related to the
rate of change of the momentum. This radiation pressure leads
to many practical applications in astronomy, astrodynamics,
and cavity-optomechanical systems. Solar and microwave sails
as well as ambitious projects such as laser-propelled spaceships
are excellent examples where the radiation pressure is used to
drive a sailcraft [3].
For passive objects, the radiation pressure force exerted
by a plane wave is always pushing or zero and limited to
0  F  2I0
c
(I0 is the intensity of the incident light and c0 the
speed of light in vacuum). The lower (Fmin = 0) and the upper
(Fmax = 2I0c ) bounds correspond to transparent objects and
perfect mirrors, respectively [2]. For active objects, however,
it has been shown that the direction of the exerted optical force
can be reversed, which leads to a counterintuitive force known
as the optical pulling force [4–6]. An alternative for passive
objects to explore such optical pulling force is realized by
using, e.g., a tractor beam, i.e., a Bessel beam, a solenoid
beam, or a superposition of plane waves [7–12].
Artificial materials such as metamaterials and metasurfaces
have been used to fully control and manipulate the flow of
reflected and transmitted light by breaking the time reversal
symmetry or the parity symmetry [13–18]. In particular,
metasurfaces without parity symmetry, i.e., broken inversion
symmetry, have been used to control the reflected light [17–20].
By breaking the Lorentz reciprocity (i.e., applying an external
magnetic field, using nonlinear materials, or time-dependent
permittivities), one can control the transmitted light and obtain
unidirectional wave propagation [21].
*Corresponding author: rasoul.alaee@gmail.com
Recently, inspired by parity-time (PT) symmetric quantum
mechanics, a new class of artificial optical systems have
been proposed to control the scattering of light [23]. These
PT-symmetric optical systems are invariant under combined
parity and time inversion and can be obtained by introducing
balanced gain and loss where the refractive index should
satisfy n(r) = n∗(−r) [24–27]. The concept of PT symmetry
in optics led to several interesting optical phenomena such as
asymmetric propagation [28], unidirectional invisibility [29],
optical lasing [26], optical sensing [30], wireless power transfer
[31], and many others.
An interesting question, which has not yet been fully
addressed in the literature [32], is what kind of optical forces
can be achieved in PT-symmetric metasurfaces? Is it possible to
design optical force rectifiers, i.e., asymmetric one-way optical
forces?
In this paper, we propose an optical force rectifier based
on PT-symmetric meta-atoms (i.e., coupled spheres) [see
Figs. 1(a) and 1(b)] and metasurfaces composed of arrays of
such meta-atoms [see Fig. 4]. We find a direct link between
the PT-phase transition and the asymmetric optical pulling,
pushing, or zero force when illuminated at opposite directions.
II. OPTICAL FORCE ON DIPOLAR PARTICLES
To understand the underlying physics of the optical forces
exerted on PT-symmetric particles (made of balanced gain
and loss), we first study the optical forces in connection with
individual passive (lossless or lossy) and active (gain) particle.
Under the dipolar approximation, the time-averaged exerted
force on an isotropic particle by an arbitrarily polarized plane
wave propagating in ek direction is given by [33–35]
F = (Fp + Fm + Fpm)ek, (1)
which has three different contributions, i.e., the electric Fp =
Fmaxp Im(αe/α0), the magnetic Fm = Fmaxp Im(αm/α0), and the
interference between the both Fpm = −Fmaxp Re(αeα∗m/α20).
Fmaxp = I0c Cmaxext is the universal limit on the force exerted
2469-9950/2018/97(19)/195420(6) 195420-1 ©2018 American Physical Society
ALAEE, GURLEK, CHRISTENSEN, AND KADIC PHYSICAL REVIEW B 97, 195420 (2018)
FIG. 1. Principle of an optical PT-symmetric rectifier: (a) The
optical force exerted on coupled spheres by a linearly polarized
plane wave from left, i.e., kL. (b) The same as (a) for the opposite
illumination direction, i.e., right kR . We depict three cases, e.g., the
coupled spheres pulled/pushed for one illumination direction (see
aB or aC) whereas zero force was exerted on the other direction,
respectively. The three cases are selected after the design explained
in Fig. 3. a indicates the radius, L = 2.6a the distance between two
spheres, and F the resulting optical force. The coupled spheres are
assumed to be connected by a lossless dielectric with a refractive
index of the embedding medium (see the Supplemental Material [22]
for an alternative structure made of coupled disks).
on an electric dipole [35], α0 = 6π/k3 and Cmaxext = 3λ
2
2π are
the maximum extinction cross section of an electric dipolar
particle [35,36]. αe and αm are the electric and magnetic
polarizabilities of the particle, respectively. I0 = 120c|E0|2 is
the intensity of the illumination, k the wave number, and 0 the
free space permittivity.
A. Passive particles
The exerted optical force on an isotropic passive particle
is always positive (pushing) [35]. Figures 2(a) and 2(d) show
the normalized optical force exerted by a linearly polarized
plane wave on a sphere as a function of the sphere’ s size
parameter a/λ and the refractive index ratio n′′/n′. The optical
force is calculated for two cases: a dual particle, i.e., r =
μr [see Figs. 2(a)–2(c)] [37], and a particle with μr = 1 [see
Figs. 2(d)–2(f)]. For a passive sphere (n′′  0), it can be seen
that the force is always pushing, i.e., along the propagation
direction of the impinging light ek . This can be explained from
the fact that the electric Fp and magnetic Fm forces are always
positive for the passive particle (n′′  0) because Im(αe) and
Im(αm) are positive for all wavelengths [see Fig. 2(c)], whereas
the interference force contribution Fpm (positive or negative)
is small compared to Fp and Fm. Thus, the total force is always
pushing (non-negative) [see Fig. 2(c)]. Note that the inverse of
the polarizabilities satisfy
Im(α0/αe) = −1, and Im(α0/αm) = −1, (2)
for isotropic lossless particles [see point M in Figs. 2(b) and
2(e) and the vertical black dashed line]. These relations can
be obtained from the conservation of the energy [1,38]. It can
be seen that for a lossy particle, the Im( α0
αe/m
) < −1 due to the
Ohmic losses [see the green area in Figs. 2(b) and 2(e)].
FIG. 2. Single sphere: (a) The normalized optical force exerted
by a linearly polarized plane wave on a dual sphere as a function
of the sphere’ s size parameter (a/λ, a is the radius of sphere) and
the refractive index ratio (n′′/n′, n = n′ + in′′, n = √rμr is the
refractive index of the dual sphere, i.e., r = μr ). (b) The imaginary
part of the inverse of electric and magnetic polarizabilities as a
function of the the refractive index ratio at a/λ = 0.15, where a is
the radius of the sphere. (c) The normalized optical force exerted by
a linearly polarized plane wave on a dual sphere as a function the
refractive index ratio. (d)–(f) The same as (a)–(c) for a sphere with
μr = 1 and for (e)–(f) size parameter is a/λ = 0.13. The optical force
and polarizabilities normalized to 3λ22π
I0
c
and α0 = 6πk3 , respectively.
The real part of the refractive index is fixed n′ = 3.5. All figures have
the same x axis.
B. Active particles
Let us now consider active particles. The imaginary part
of the inverse of polarizabilities satisfy Im( α0
αe/m
) > −1, and
by decreasing the imaginary part of the refractive index (i.e.,
increasing gain) n′′, at some point the total loss will be zero,
i.e., Im( α0
αe/m
) = 0 [see the L point in Figs. 2(b) and 2(e)]. This
occurs when the scattering loss is identical to the Ohmic loss.
For an active particle, the optical force can be pulling. The
pulling force for the active particles originates either from a
large negative contribution of the interference term, i.e., Fpm <
0, or can be induced by the negative contribution of the electric
or magnetic terms (i.e., Fp < 0 and Fm < 0), depending on the
imaginary part of the refractive index, i.e., n′′ [both in Figs. 2(c)
and 2(f)]. Using Eq. (1), the optical force for a dual particle
(i.e., μr = r , α = αe = αm, Fp = Fm) is simplified to
F = Fmaxp
[
2Im
(
α
α0
)
− |α|
2
α20
]
ek. (3)
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The total force vanishes if Im( α0
α
) = −0.5 [compare the back
dashed line and see the K point in Figs. 2(b) and 2(c)] and
will be pulling force for Im( α0
α
) > −0.5. Similar explanations
can be used to understand the exerted force on an active or
a passive particle with μr = 1, i.e., Figs. 2(d)–2(f). Note that
the gain particle can be achieved by optically pumped quantum
emitters (e.g., quantum dots, dye molecules, or rare-earth ions)
embedded in a lossless particle [39,40]. The exerted force by
the pumped beam is zero when the particle is illuminated by
two pumped beams with opposite illumination directions [6].
A similar pumping scheme can be used to obtain balanced gain
and loss particles, i.e., PT meta-atoms.
III. PT-SYMMETRIC META-ATOMS
In the following, we extend the previous cases of individual
particles carrying either. In general, the exerted force on
coupled dipolar particles can be analytically calculated using a
coupled dipole approximation. The total time-averaged exerted
force by an arbitrarily polarized plane wave propagating in ek
direction is F = ∑Ni=1 Fi , where N is the number of particles,
and Fi is the exerted force at the position of ith particle placed
at position ri . For dipolar particles defined as
Fi = 12Re{[∇E
∗
loc(ri)] · pi} +
1
2
Re{[∇B∗loc(ri)] · mi}
−Z0k
4
12π
Re(pi × m∗i ), (4)
where Eloc(ri) and Hloc(ri) are the local electric and magnetic
fields defined as [41,42]
Eloc(ri) = Einc(ri) + Eint(ri), (5)
Hloc(ri) = Hinc(ri) + Hint(ri), (6)
[Eint(ri)
Hint(ri)
]
= G
[pj
mj
]
, G =
⎛
⎝
=
A
=
B
=
C
=
D
⎞
⎠, (7)
=
A =
=
G(ri ,rj )(1 − δij ),
=
B = −Z0
c
∇ ×
=
G(ri ,rj )(1 − δij ),
=
C = ∇ ×
=
G(ri ,rj )(1 − δij ),
=
D = 0
=
G(ri ,rj )(1 − δij ),
(8)
where
=
G(ri ,rj ) is the Green function (see the Supplemental
Material [22]). Einc(ri) and Eint(ri) are the incident and
interaction electric fields, respectively. Z0 is the impedance
of the free space. The induced moments can be obtained by
using (see the Supplemental Material [22])
(pi
mi
)
=
⎛
⎝ 10αei −
=
A −
=
B
−
=
C 1
αmi
−
=
D
⎞
⎠
−1(Einc(ri)
Hinc(ri)
)
. (9)
To calculate the exerted optical force on the coupled spheres
using Eq. (4), we first calculate the induced electric and
magnetic dipoles of the coupled spheres by using the following
(a)
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gain
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FIG. 3. The two coupled spheres with the PT symmetry: (a)
The analytical (i.e., coupled dipole approximation) and numerical
normalized optical force exerted by a linearly polarized plane wave
on the coupled spheres for two illumination directions as a function of
the single sphere’ s size parameter, i.e., a/λ. The refractive index of
coupled spheres are nG = n∗L, nL = n′ + in′′, n′′/n′ = 0.0857,n′ =
3.5. The blue and red colors are related to kL and kR illuminations
in Figs. 1(a)–1(b), respectively. (b) The normalized optical force
calculated at three different size parameters a
λ
|
A,B,C
as a function
the refractive index ratio, i.e., n′′/n′. (c) Normalized electric fields
of the coupled spheres in xz plane at three different a
λ
for different
illumination directions.
expressions [43,44]:
pβ = − 1
iω
{∫
d3rJωβ j0(kr)
+ k
2
2
∫
d3r
[
3(r · Jω)rβ − r2Jωβ
]j2(kr)
(kr)2
}
,
mβ = 32
∫
d3r(r × Jω)β
j1(kr)
kr
, (10)
where β = x,y,z, and Jωβ is the induced induced electric cur-
rent density is obtained by using Jω(r) = −iω0(r − 1)Eω(r),
and Eω(r) is the electric field. We applied a numerical finite
element solver (COMSOL Multiphysics) to obtain the electric
field distributions. Using Eqs. (10), we numerically calculate
the induced electric and magnetic dipole moments for both
illumination directions [see Figs. 1(a)–1(b)]. The results are
also compared with the analytical approach, i.e., coupled
dipole approximation from Eq. (9), which shows a very good
agreement (see Fig. 1 of the Supplemental Material [22]).
By using the induced multiple moments and Eq. (4), we
have analytically calculated the optical force on the coupled
spheres [Fig. 3(a)] and the analytical result fits perfectly with
a full-wave simulation using COMSOL Multiphysics. Note
that the numerical results obtained by integrating Maxwell’ s
stress tensor
=
T (see the Supplemental Material [22]) [1], i.e.,
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F = ∮
S
=
T · nda, where S is a surface enclosing the particle and
n is the normal unit vector to S.
Figure 3(a) shows that the exerted optical force depends
on the direction of the impinging light. This is due to the fact
that the system does not have the mirror symmetry. As a result,
the induced multipole moments are also considerably different
when excited with two illumination directions (see Fig. 1 of
the Supplemental Material [22]). In other words, the system is
bianisotropic due to the broken inversion symmetry [38].
At the particle size parameter a
λ
|
A
, and a
λ
|
C
, the coupled par-
ticles are pulled/pushed for one illumination direction whereas
zero force is exerted on the other direction, respectively. At the
particle size parameter a
λ
|
B
, the coupled particles are pulled
at one illumination direction whereas they are pushed on the
other direction. The field distributions for three size parameters
a
λ
|
A,B,C
are plotted in Fig. 3(c). To understand the effects of loss
and gain, we computed the optical force as a function of the
refractive index ratio, i.e., n′′/n′ for these three wavelengths.
Forn′′ = 0, the force is identical for both illuminations because
the system is symmetric for both illuminations. Note that
the scattering response of coupled spheres is inherently non-
Hermitian due to the scattering loss (even without loss or gain)
and cannot be a real PT-symmetric system [45,46]. Therefore,
we only study the PT-symmetric phase transition (and its
relation with the optical optical pulling, pushing, or zero force)
for the metasurface.
IV. OPTICAL FORCE ON PT-SYMMETRIC
METASURFACES
Let us consider a metasurface made of coupled spheres
depicted in Fig. 4. The scattering matrix of the system
can be defined as S = ( t rL
rR t
) [47]. For the PT-symmetric
metasurface, the system is reciprocal, i.e., t = tR = tL and
the unitary relation will be modified, i.e., |T − 1| = √RRRL.
This relation is known as generalized unitarity relation (GUR)
[48]. T = |t |2 is the transmittance and RR/L = |rR/L|2 is the
reflectance for impinging light from right/left. The eigenvalues
of the scattering matrix by using rLrR = t2(1 − 1/T ) is given
by [48]
s1,2 = t ± √rLrR = t(1 ±
√
1 − 1/T ). (11)
The optical force exerted per unit surface area on the meta-
surface by a linearly polarized plane wave at normal incidence
is given by FR/L = I0c (1 + RR/L − T )ek , where ek is the prop-
agating direction. Now by using eigenvalues of the scattering
materix, i.e., Eq. (11), we investigate the optical force for
the PT-symmetric metasurface and its phase transition. The
PT-symmetric metasurface has two phases, namely:
Symmetric phase: This phase is accompanied by unimod-
ular eigenvalues |s1,2| = 1, where the transmission remains
T < 1 (Fig. 4). In this phase, the forces can be expressed
as FR,L = I0c (RR,L +
√
RRRL) by using the GUR. Thus, the
forces will be identical for both directions, i.e., FR = FL when
reflection from both sides are identical RR = RL (Fig. 4). In
this phase, the forces are always pushing independent of the
direction of illuminations.
Broken-symmetry phase: The broken-symmetry phase is
characterized with larger-than-unity transmission T > 1. In
FIG. 4. PT-symmetric metasurface: (a) and (e) Schematic of the
PT-symmetric metasurface. (b) and (f) Transmission spectra as a
function of the single sphere’ s size parameter, i.e., a/λ and refractive
index ratio, i.e., n′′/n′, respectively. The period in x and y directions
are 	x = 	y = 5a. (c) and (g) Normalized optical force exerted on
a PT-symmetric metasurface as sphere’ s size parameter, i.e., a/λ
and refractive index ratio, i.e., n′′/n′ for both illumination directions,
respectively. (d)–(h) The modulus of the eigenvalues of the S matrix
as sphere’ s size parameter, i.e., a/λ and refractive index ratio, i.e.,
n′′/n′. The yellow and purple shadows show the symmetry-broken
and symmetric phases, respectively.
this phase, we obtain coexisting amplifying |s1| > 1 and
attenuating |s2| < 1 eigenvalues (Fig. 4). Using the GUR,
the force can be expressed as FR,L = I0c (RR,L −
√
RRRL).
In contrast to the PT-symmetric phase, the force always will
be zero for both directions, i.e., FR = FL = 0 if RR = RL
(Fig. 4). Interestingly, optical amplification and attenuation
within this phase produces opposite pushing and pulling forces
when illuminated from their respective directions as depicted
in Fig. 4.
The transition between these two phases occurs at excep-
tional point (EP), i.e., unity transmission, T = 1. At the EP,
one of the reflectances vanishes (see the GUR). This will lead
to a one-way optical pushing force (optical force rectifier),
i.e., FR = I0c RR and FL = 0 (see EPs depicted by the black
dashed line in Fig. 4). Finally. it is important to mention
the photophoretic force is nonzero due to the absorption in
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the investigated system. However, it is possible to suppress
the photophoretic force compared to the optical force by
controlling the gas pressure (see the Supplemental Material
[22]) [49,50].
V. CONCLUSION
In summary, we have shown that asymmetric optical
pulling, pushing, or zero force can be achieved for PT-
symmetric meta-atoms and metasurfaces when illuminated by
a plane wave at opposite directions. We have found a direct
physical link between the PT-symmetry phase transition and
the pulling and pushing forces. Our findings might lead to
applications in cavity-optomechanical systems.
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